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1 Introduction 



The comparison between the two dimensional sigma models and four 
dimensional gauge theories is fruitful for both subjects|^. Our paper 
continues this line of the research. 

Motivation. Our original motivation for the study is the interest 
in the properties of the renormalization group flow in the four dimen- 
sional gauge theories. This problem is both rich and has some chances 
to be exactly soluble in the context of the M = 2 supersymmetric 
gauge theories. 

Consider for simplicity the case of the pure SU (N) (twisted) su- 
persymmetric gauge theory. The problem is formulated as follows. 
Let $ be the complex adjoint scalar in the vector multiplet. For an 
irreducible representation V of SU{N) let Oy = Try*^ be the local 
operator in the gauge theory. 

It commutes with the certain supercharge Q. By acting on Oy 
with other supercharges one can construct non-local gauge- and Q- 
invariant observables J^,_Oy\ i = 0,1,2,3,4, where the superscript i 
denotes the degree of differential form, which is being integrated over 
a closed i-dimensional submanifold of the space-time manifold. 

The problem is now the following. The theory has low-energy 
effective description in terms of the M = 2 theory with r = N — 
1 abelian vector multiplets, whose scalars a*, z = l,...,r are the 
special coordinates on the moduli space of vacua which is identified 
with the base of the family of the hyperelliptic curves C^: 

The parameters are identified with the traces of $ in the represen- 
tations Vfc = A*=+iC^: 

Uk=Tiv,^ (2) 

The problem is to find a representative for the operators Oy and 
their descendants o'y in terms of and other data of the low- 
energy theory. On the general grounds we expect to find a relation 
like: 

Ov-^ Pv{uu...,Ur;K) (3) 

where Py (ui, . . . ,Ur]K) is the polynomial whose value at A = coin- 
cides with the classical expression of the trace in the representation V 
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via the traces in the fundamentals. This correspondence is the four di- 
mensional generalization of the well-known quantum cohomology rings 
of two dimensional supersymmetric sigma models. 

Scenario. It was suggested in [^] to study the renormahzation 
group flow with instantons present by integrating out all fast fluc- 
tuating fields a la Wilson, including the small size instantons. Now 
suppose we have a theory I which has instantons of all sizes, and a 
theory II which has both instantons of all sizes and some other type 
of topological defects which we shall call freckles whose characteristic 
size is bounded from above by some parameter p. Then if we inte- 
grate out all the fluctuations of the wavelengths smaller then p then 
the remaining instantonic field configurations in both theories I and 
II become identical - we say that the theories are in the same univer- 
sality class. If for some reason the theory II is simpler then the theory 
I then we can use the correlation functions in this theory to compute 
the correlation functions in the theory I. One needs to express the 
couplings T=K (A) of the intermediate theory at the scale A » p through 
the ultraviolet couplings of the theories I and II: 

r,(A) = /7(rJ;A), T,(A) = ///(rf;A), A»p (4) 

Upon exclusion of T*(A) we arrive at the relation: 

rJ = F(r,";A) (5) 

Below we confine ourselves with the examples of topologically twisted 
supersymmetric sigma models in 2d and gauge theories in 4d. In these 
cases (for being the topological couplings, see below) we expect the 
function F(-; A) to be independent of A as long as A is greater then the 
characteristic size p of the freckles which are specific for the model. 

Plan. In the present paper we start to carry out this program for 
the supersymmetric CP''^"^ model in two dimensions and then gen- 
eralize to the four dimensional gauge theory. The theories I and II in 
these cases are respectively: non-linear and gauged linear sigma model 
in two dimensions, non-abelian gauge theory and (conjecturally) the 
gauge theory on the non-commutative space in four dimensions. In the 
case of two dimensional theory we find a subtle nature of the effective 
description of the theory II, namely we find that it can be described 
as Landau-Ginzburg theory on the disconnected space. Then we ob- 
serve that the similar phenomenon occurs in the compactification of 
the four dimensional theory down to two dimensions on a two-sphere. 
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2 Two dimensional instantons with freck- 



les 

Let us take for the theory I the two dimensional supersymmetric non- 
hnear CP^~^ model. It has instantons represented by the holomor- 
phic maps (/? : S — > X, where S is the worldsheet and X ~ CP^~^ 
is the target space. The space Ai of such instantons is disconnected 
and non-compact. The former property is due to the existence of the 
maps of various degree d £ vr(S, X) ~ Z and it leads to the possibility 
of adding a theta term to the action. The non-compactness of 7W is a 
serious albeit mostly computational problem. 

The correlation functions of certain observables Oj in the theory 
are the integrals over M of certain differential forms Wj. Was A4 
compact we could change Ui by the exact forms without affecting 
the integral over Ai. This is no longer possible for non-compact M. 
The situation is not as innocent as one could think, since the exterior 
derivative on A4 is the remnant of the (twisted) supersymmetry Q 
of the model. Usually one discards the Q-exact terms in the correla- 
tions function when all the operators are Q-closed. This operation is 
dangerous when one has to regularize integrals, precisely because the 
virtual boundary contributions may not vanish. 

A way to compactify Ai is provided by the theory II for which we 
take the gauged linear sigma model with the gauge group U{1) and 
N charged chiral multiplets|47]. 

More generally, a theory II for the sigma model with the target 
space X ~ C^/ /G is the gauged linear sigma model with N chiral 
multiplets which transform in a certain representation of the gauge 
group G and / / denotes the symplectic quotient (the quotient of the 
space of zeroes of the D-terms by the action of the gauge group G). 

It turns out that the moduli space of the BPS field configurations 
^ (i.e. the solutions to the equation = 0) in the gauged linear 
sigma model is the compact space M. which contains the space Ai as 
an open subspace. 
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2.1 BPS moduli spaces in theory I vs. that of 
II 

In the case of X « CP^^^ the space M = Jl^Md looks as follows: 

Md = {{Po,---,PN-i)}/ - 

where are the degree d polynomials ( = holomorphic sections 
of the line bundle 0{d) over S ) which are not equal identically 
zero altogether and ~ is the equivalence relation: {Pq, . . . ,P]\f^i) ~ 
{\Po,...,XPn-i), a e C*. Thus Md ~ p^id+i)-i_ rj.^^ simplicity 
of this space is misleading. The catch is that not every A^-tuple of 
the polynomials defines a map of to X. Only polynomials without 
common divisors do that. Inside of there is a space of the 
polynomials without the common zeroes. Unfortunately in addition 
one finds a stratum Aid-i x P^ which consist of the polynomials with 
one common zero, one also finds a stratum A4d-2 ^ of polynomials 
with two common zeroes and so on, all the way down to the stratum 
X X P*^ which consists of the polynomials of the form Pk{z) = akP{z) 
where P{z) is an arbitrary degree d polynomial and 

(ao : ai : . . . : qn-i) 

is a point in X. The common zeroes of the polynomials Pk are tradi- 
tionally called vortices. However we shall also call them "freckles" for 
the reasons explained in the scenario. 

In this way we arrive at the following stratification of Md- 

Md = MdUP^ X Md-iLi ...UP"^ X Mo (6) 

Following we refer to the points in Aid as to the quasimaps. How- 
ever having in mind the four dimensional generalizations we suggest 
another name: the "freckled instanton". 

Notice that there are canonical maps "gluing of the point-like in- 
stantons" 

vi-.MdX P' -^Md+i, 
which actually add vortices- freckles to a quasimap: 

VI (Po(^), . . ■,Pn-i{z)\xu. ■■,xi) = {Poiz)Qiz), Pn-i{z)Q{z)) , 

(7) 

Q{z) = {z- xi){z - X2)...iz- Xl) 
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2.2 Great expectations: setup for the correla- 
tors 

A typical computation in the (twisted) supersymmetric sigma model 
is the evaluation of the correlation function of the observables Oa^ 
and /s O^a^ where are the zero-observables corresponding to the 

(2) 

cohomology classes of X, and Oa are their two-descendants. 

To be specific let us take X ~ P^^^. The cohomology ring of X 
is dimensional and is spanned hy ujr = to^ ,r = 0, . . . , N — 1, where 
CO G H^(X) is the Kahler form. The interesting observables are the 
zero-observables oi^^ ^ uJr and the two-observables /^^ Or^^ , r > 1 . 
The two-observable of wi = measures the degree of the holomorphic 
map: 



computes the number of the rigid holomorphic maps ofTi to X with the 
following conditions: the fixed points xi,. . . ,Xk on Ti are mapped to 
the submanifolds C"^ , . . . , C"'' C X which represent the cycles which 
are Poincare dual to the cohomology classes uJai , ■ ■ ■ , ^ay, of X while 
some points yi,...,yi whose position is not specified are mapped to 
the submanifolds C^^ , . . . C^' C X whose homology classes are dual to 
w/j, , . . . , w/j, . 

The answer is independent of the specific choice of C°, as long 
as everything remains in generic position^. 

In order to use the compactification M.^ one has to formulate 
the computation of the correlation function (^) in terms of the lin- 
ear gauged sigma model, more specifically, in terms of the A-tuples of 
the polynomials of degree d. 

^ This interpretation of the correlation function holds when one chooses the specific 
representatives for the cohomology classes LUr oi X, namely delta functions supported at 
C",C^. If one smoothes out the delta functions then at some point the supports of the 
smeared delta functions overlap and one should use more intricate arguments to show that 
the correlation function computes the same thing. 




which is constant in the given instanton sector. 
The correlation function 
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It is not hard to do that. The cycle in p^~i which is Poincare 
dual to ojr^ can be represented by a plane C" which is the space of 
solutions to a system of linear equations = 0, i = 1, . . . , Tq, and each 
if is a section of i.e. the linear function in the homogeneous 

coordinates wq, . . . , wn-i on X: 

N-l 

if {wo, WN-l) = ^ti^ ^ C 

Now the correlation function in the non-linear sigma model computes 
the number of such A'^-tuples Pq, . . . , Pn~i modulo the common mul- 
tiple A G C* and the points yi,. . . ,yi € S which obey the following 
equations: 



if^iPo{xp),...,PN-i{xp)) = 0, i = l,...,r^^, p = l,...k (9) 

i^''{Po{yg),...,PN-i{yg)) = i = l,...,rf3^, q = l,...l (10) 

If we relax the conditions on the polynomials Pk, i-e. allow them 
to have common divisors we replace the computation in the non-linear 
sigma model by that in the gauged linear sigma model. 

The drastic difference between the spaces ^A(l and Md shows up in 
the following: if the polynomials Pq, . . . , Pn-i have a common zero x=k 
then the equations ( |lO[ ) have solution e.g. ya = Vb = Vc = x^ for some 
a ^ h ^ c. These solutions have nothing to do with the properties of 
the actual holomorphic map defined by the polynomials Pk with the 
common factor divided out. In other words they do not contribute 
to the solution of the enumerative problem posed by the non-linear 
model. Nevertheless they contribute to the correlation function of the 
linear model. 

The accurate subtraction of these extra contributions is the heart 
of the relation ^ between the non-linear and the linear sigma models. 
The most notorious example of this renormalization is known under 
the name of the mirror map in the case of sigma models with Calabi- 



Yau threefolds as the target space i4''h U§> 



In case of the manifold X ~ ^ (more generally if X is a D- 
dimensional Fano variety with ll>^~^ Aci{X) > D) the correlations 
functions of the zero-observables Oa^ can be rather easily computed 
by replacing the space Aid the holomorphic maps by the space 
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M-d- The proof goes as follows: Suppose that the ghost numbers Aq,. 
of the observables Oa^ , ■ ■ ■ , Oa^ (which coincides with the degree of 
the cohomology classes of X which they represent) saturate the ghost 
number anomaly in the instanton sector d, i.e. 

^A„, =iV(d + l)-l 

Since the positions of the zero-observables xi, . . . , Xfc e S are distinct 
the vortices can contribute to the correlation function {Oa^ (xi) . . . Oa^ (xk)) 
only if their location coincides with SOII16 of tliG points Xi , . . . , X}^ . The 
vortices with the fixed location Xjj , . . . , Xj^ on S form a submanifold 
Vp{Md-p X {xj^ , . . . , Xjp}) C ^Ad of codimension Np. Each class in 
H*{X) has degree which is less then N (in complex units). The com- 
plement to the vortices in S is mapped to X with the degree d — p 
therefore the rest of the observables must be saturated by the zero 
modes which are present in the holomorphic maps of the degree d — p, 
i.e. by N{d — p + 1) — 1 zero modes. But their total number is 

J2 Ai>Nid + l)-l-piN-l) = 

lj^h,...,ip 

= N{d -p + l)-l+p> N{d -p+l)-l = dimMd-p. 

Hence the dimensions do not match and the vortices do not contribute. 

The counting changes as soon as we start computing the correlation 
functions of the two-observables. In that case the point of insertion of 
the two-observable is not fixed and may hit other observables at the 
same time with the vortex. If the total ghost number of the collided 
observables is greater then A^— 1 then in general there is a contribution 
of the vortex to the correlation function. It is this phenomenon which 
induces the contact term^ which enter the relation ^ and provides 
its microscopic explanation. 



2.3 Computations in theory II: geometric story 

Let us compute the generating function of the correlators of the zero- 
and two-observables in the gauged linear sigma model. The arguments 
of the equations (^), (|lO|) are the polynomials and the points yq. 

^It is well-known that the contact terms correspond to the change of couplings EC 
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The equations themselves are the conditions of the vanishing of certain 

I times 



sections of the vector bundles |^ over ^Ad x S x . . . x S. 

Clearly, inside of a correlator in the instanton sector with the instanton 
number d the following relation holds: 

^ of = k 1^ of^o^^l, = kof\ of = kd . of_, 

(this statement follows from the Kiinneth formula [^], cf. [^]). Af- 
ter these preparations we are now in the position to write down the 
answer: 



Ftit,T) :=E n ±tj(U ofU of^) = (11) 

J2 — , ^kCtop {£k)+Yl Ctop {£r„ , 



1,1 



d,l •' q=\ 1 \ k q,{rq} 



d \ k 

da exp (^X^fc ^fef^ 



('12') 

a^-exp(E.rr^fT'^-i) ^ ^ 

This representation of the generating function of the correlation func- 
tions in the linear gauged sigma model is rather suggestive yet shows 
the crucial difference between the non-linear and the linear gauged 
models. The difference shows up as the asymmetry between the zero- 
and two-observables and the absence of the constant (in T^) metrics 



on the space of zero-observables |21, 43]. The suggestive part of the 



^ The bundles and their role are the following: the zero-observables Oa} represented 
by is the top degree Chern class CtopiSr^ ) of the bundle = 7r*0(l) ® , while 

the integrated two-observable Jj^ Or^^^ is the integral over the g-th copy E in Y} of the 
top degree Chern class of the bundle S^^^ — ■k*0{1) p*0{d) (g) C*^. Here n,pq are the 
projections Md x ^ Aid, and to the q-ih copy of S respectively 
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formula (12) is in its contour integral form, which looks very much like 
the correlation function in the topological Landau-Ginzburg theory [^] 
(with the contact terms [p^ equal to zero). The latter must have the 
following structure: 

.LG.. ^^ _ i l^\X)dX^ A...AdX^ exp Efc t^X) 



^° d^WriX) . . . dnWHX) ^^^^ 

where X^ are the holomorphic coordinates on the target space X of the 
LG sigma model, dWriX) = dWo{X) + J2k'^kd^k is the holomorphic 
one-differential (the derivative of the superpotential Wt), ^k are the 
representatives of the local ring of the superpotential and iJ,{X)dX^ A 
. . . A dX^ is the holomorphic top degree form on X p^ . 
The formula (12) is not exactly of the form (ll3| ) but it is easy to map 
it into this form: replace the summation over d by the integral using 
the Poisson resummation trick: 

oo 



d>0 neZ 

assuming that the function defined on Z+ can be extended to the 
whole of R4- as a continious function. In order to apply this trick to 
the formula above(12) we rewrite the contour integral over a as the 
integral over ip from to 2n with a = e**^. Now we define as e*^'^. 
Doing these manipulations we arrive at: 

/•2-K roo I \ 

^0 \k ) 

N_i dp,ew{iip{2-N) + j:i,tke'^^) 
, (27rm - iNp) e^f + J2k kTke'-'"f + iO ~ ^^^^ 

r ^^\p)dpeT.,^^''-M 

i — d:^T — ^''^ 

N times 

where A' = C II . . . U C is the disjoint union of N copies of the com- 
plex line, fjidp = e'-^^'^/'^'i'^dp, v? G C, the observables <I>a: = e*'"^, and 
the superpotential on the n'th copy of C is equal to: 

Wt{p) = -{Np- 27rn) e*'^ + ^ f^e^'^'^, if^ =Tk + N5k,i (16) 

k 
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The contour integral in (^) is taken around infinity at each connected 
component of X. As usual the expression (15) must be understood 
perturbatively in Tk for A; > 1. 

The requirement that Wt must be linear in constrains it but 
does not fixes it uniquely. We could interpret (^4|) in a slightly different 
way, by taking /x = e^^-^/^).^ and Wt = {Nip - 2-Knf + T^ip + 

2^k=2 k-i-^k^ 

It is not possible to make a fair choice between all these options 
without further physical insight. We turn to it in the next subsection. 



2.4 Physical derivation 

Despite the exotic nature of the effective target space and the super- 
potential which we derived in the previous section using topological 
techniques applied to the moduli space of the BPS field configura- 
tions in the gauged linear sigma model it makes perfect sense! In fact, 
we shall now derive the same result using the effective field theory 
techniques. 

Recall the field content of the two dimensional gauged linear J\f = 2 
super symmetric sigma model. The chiral multiplets = ((/>*, -^*) 
take values in some complex vector space W with the constant Kahler 
form uj. The vector multiplets V = [A^,a,a,\±^X±^D) take values 
in the Lie algebra of the group G which acts in W preserving Kahler 
structure. The superfield S which contains the field strength T = 
dA+^[A, A\ is the twisted chiral superfield with the quantized highest 
component F (for abelian G). 

The bosonic part of the Lagrangian is (in the absence of the tree 
level superpotential): 

/ ll^^-^iP + ^i^^l + ylHI' + llk,^]!!' (17) 

where ~ T9'.(f)'^(f>> is the moment map for the G action in W . If the 
gauge group G contains U{1) factors then we may deform the model 
by adding a constant per each U{1) to /i (Fayet-IUiopoulos terms) 
thereby promoting /i to 

^i = T?^/^ -nii (18) 

Also, for each U{1) factor there is a term: 9i J F^. Altogether we 
get a complex parameter ~ + ^ P^'^ each U{1). Correlation 
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functions of chiral observables are holomorphic in ti - an important 
constraint. 

Finally, in ( [T7| ) is the gauge coupling (for several U{1) factors 
one may have different couplings ef). The standard lore says that in 
the infrared ^ oo and the gauged linear model looks more and 
more like the non-linear sigma model with the target 

X = W//G = fi'H0)/G 

For G = U{1), W = being the times the standard charge one 
representation of G the space X is isomorphic to CP^~^ for r > 0, 
X is a point for r = and X is empty for r < 0. 

The field configurations which preserve some of the supersymmetry 
obey the equations |47[| : 

{d + A)^' = 0, F = -eV (19) 

It is possible to show that for the spherical worldsheet the space of 
solutions to these equations in a given instanton sector (f F = 27rid) 
coincides with the space A4d of quasimaps||8|. The quasimaps with 
vortices correspond to the perfectly smooth solutions of (p!9|) which are 
the generalizations of the Abrikosov-Nielsen-Olesen vortices |||]. They 
have the characteristic size of the order and therefore for n > 
are integrated out in (^. The fact that the vortices have the finite 
size in the microscopic theory II is another justification for the name 
"freckle" which we suggest. 

To derive the relations (|l^), (^) within the physical theory one 
integrates out the chiral multiplets in the background of slowly 
varying fields of the vector multiplet. One induces the well-known 
twisted superpotential|Q (in our notations) 

W,s{a) = N^Xogt (20) 

with A = e~^'^**^^. The complex scalar a enters the twisted chiral 
superfield S which has a constrained F component - it comes from 
the gauge field strength hence must be quantized: 

y" F G 2txVL (21) 

If this was not the case the superpotential ([20| ) would not make any 
sense due to the branching of the logarithm [^]. The bosonic part of 
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the Lagrangian which contains the effective superpotential (20) has 

the form: 

J dMeS {D + iF) + d^W,s {D - iF) (22) 

To draw some physical conclusions from the shape of the effective 
superpotential we need to map the constrained superfield S to the 
unconstrained (twisted) chiral multiplet. Otherwise we cannot simply 
integrate out F in (p2|) to get an effective potential. 

Instead we perform the following duality transformation. First 
of all we assume the worldsheet to have a spherical topology (it is 
not necessary but simplifies the discussion a bit). Let us choose an 
arbitrary point p on the worldsheet. The field a taking values in C* 
(the point cr = is the singular point as there the matter fields become 
massless and this singularity is avoided dynamically as we shall see in a 
minute) is the same thing as the field ip taking values in C, o" = exp iip 
with the only condition: 

< Re ip{p) < 27r (23) 

This condition is not holomorphic but this will not bother us, as we 
will get rid of it very soon. The change of variables from a to (f with 
the constraint ( p3|) maps all the fields in the supermultipet S to those 
in the supermultiplet Now we can relax the condition (^Tj) at the 
expense of adding to (p2|) a term 

27rm J F (24) 

where n E Z is the integer- valued "field" which must be summed over 
in the path integral. The term ( ^4|) is equivalent to the shift of the 
twisted superpotential by the term, linear in a: 

W + 2mna = ie''^ {Nip - Nt - 27m) 

Now, the summation over all n € Z with the path integral over ip 
obeying ( |2^ ) is equivalent to the summation over n € Z^v with the 
path integral over all ip without any constraints, as promised. For the 
shift of (p by 2tt is equivalent to the shift of n by A^. In this way we 



arrive at the formula (16) with Ti = Nt, T^, = 0, A: > 1. 

To get the full set of "times" we must start with the linear 
sigma model deformed by all two-observables. It is easy to see that 
this deformation is equivalent to the shift of the superpotential by the 
terms ~ Tucr^ , k > 1. 
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2.5 More examples of disconnected targets 



In this subsection we consider more examples of effective theories with 
disconnected target spaces. This story shghtly takes us off the route so 
the reader who is interested in further details concerning the relations 
between the theories I and II may skip it and proceed directly to the 
next section. 

Compactification of M = 2 gauge theory. Consider four dimen- 
sional J\f = 2 supersymmetric Yang-Mills theory with the gauge group 
SU{N). Let us keep the four dimensional coupling finite so that 
we allow the point-like instantons to contribute to the effective ac- 
tion. Then the effective two-dimensional theory is given simply by the 
Kaluza-Klein reduction of the effective four dimensional low-energy 
action. 

Recall that the bosonic part of the latter is given by the following 
expression: 

Sbos = J TijP- A F- - fijF^ A F+ + ImTijda' A W (25) 

The couplings Tjj, i,j = 1, . . . , — 1 are determined with the help of 
the family of hyperelliptic curves (||) . 

When we consider all possible configurations of the gauge field we 
must include those which have non-trivial fiuxes through the sphere 
S^. Naturally we get sectors labelled by n = (ni, . . . ,nN-i), where 

I Fi = 2TTini, riiGZ (26) 

Now, the resulting two dimensional theory still contains abelian gauge 
fields. As it is well-known the gauge fields are non-dynamical in two 
dimensions. It is perhaps less known that this non-dynamical nature 
of the gauge fields can be conveniently summarized by saying that 
instead of the path integral over the gauge equivalence classes of the 
gauge fields one can simply take the path integral over two-forms Fi 
with the only constraint that the integral of Fi over the (compact) 
space-time is quantized [l^ : 

/ Fi = 27rimj, mj G Z 

J space— time 

This description automatically takes care of the gauge fixing and the 
Faddeev-Popov determinants. As we did in the previous analysis it 
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is convenient to enforce the latter constraint by introducing another 
integer- valued field m = (m^, . . . , m^~^), rrik G Z to be summed over, 
relaxing the condition on Fi by allowing it to be any two-form, at the 
same time adding to the action an extra term 

S^S+ f m'Fi (27) 

J space— time 

Let US compactify this theory on a two-sphere . Since the sphere 
has no covariantly constant spinors the supersymmetry will be bro- 
ken. In order to avoid that we consider the (partially) twisted theory, 
i.e. add certain curvature couplings to the Lagrangian. The simplest 
approach starts with the theory which is topologically twisted in four 
dimensions |5|. The field content of the theory is: a vector A, a 
one- form fermion tp, a self-dual two- form fermion a scalar fermion 
r], an auxiliary self-dual bosonic two-form H, a complex bosonic scalar 
a. 

Upon Kaluza-Klein reduction (which amounts to keeping the in- 
ternal parts of the fields harmonic) we will get: a vector A, a one-form 
fermion -0, a two-form fermion a scalar fermion rj, an auxiliary two- 
form bosonic field H, a complex bosonic scalar a. Upon the trick with 
the introduction of the auxiliary labels rh described in the previous 
section the vector A is replaced by another auxiliary bosonic two-form 
F. All fields have in addition a label i which runs from 1 to A^ — 1. Let 
us look at the supersymmetry transformations: the scalar supercharge 
Q acts as follows: 

QFi = dipi, Qipi = dui, Qui = (28) 
QX^ = H„ QHi = 0, (29) 
Qa^ = r]\ Qrj' = (30) 

One can easily recognize here the Q-operator of the topological type 
B sigma model. Usually the fermion Xi is denoted as 9i, while the 
auxiliary field Hi goes under the name Fi. 

What is the target space? The immediate answer would be: "the 
space of Oj's", since these are the target space coordinates in the su- 
persymmetry transformation laws. But we should remember that on 
the route to the sigma model description we were introducing some 
extra labels n, rh when we dealt with fluxes of the gauge field through 
the internal sphere as well as the two dimensional space-time itself. 
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The second guess would be that we should take as many copies 
of the space of a^'s as there are labels (n, m). The truth sits in be- 
tween. Recall that a^'s are only local special coordinates on the mod- 
uli space V of vacua of the gauge theory. As one goes around some 
non-contractible loops in V one comes back with another set of Oj's, 
transformed by a monodromy group. This very group also transforms 
the vectors (n, fh) . 

After all these symmetries are taken into account we get the fol- 
lowing statement: 

The target space V of the effective type B sigma model is the space 
of pairs: (Cu,^), where Cu is one of the curves 

The unusual property of this target space is its disconnectness: the 
cycles 7i, 72 which are not in the same orbit of the monodromy group 
belong to the different connected components. The component where 
7 = is isomorphic to the moduli space V of the curves dTJ), while the 
other components are certain covers of V: 

V ^VUVU... 

For example, for N = 2, the component with 7 = is isomorphic to 
the complex line with the coordinate u, parameterizing the curves: 

while the other components are isomorphic to the strip < Rer < 
4, Im r > 0. This space shows up in certain computations in Donald- 
son theory |3|, M. 



Superpotential. The curves (|T]) are embedded by definition into a 
hyper-kahler manifold T*P^, which has a holomorphic two- form uj: 

Lo = —dx A — (31) 
2'Ki z 

Our sigma model has a (twisted) superpotential W . In general, 
the superpotential needs not to be well-defined. Only the derivative 
dW must be a well-defined holomorphic one-form on the target space. 

In our case we can write a simple formula for the derivative dW: 



dW = f uj (32) 

To prove the last assertion let us introduce a few more standard no- 
tations. Let A = 2^3;^ be the meromorphic one-differential, dX = to. 
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Its residues on the curve Cu vanish for any u. Hence we can integrate 
(HI) to get: 

W = f X = rua' + m'oD,j (33) 
J J 

where we expanded 7 in some (local) symplectic basis {Ai,B^) in 
Hi(C„,Z) and 

= f A, ajj^i = f \ 



lA, JB' 
Now let us compute the potential which follows from the superpoten- 
tial dH): 

[m + TikTU^^ (imr-i) (uj + fj7m') (34) 

This is precisely the potential which one would get from the gauge 
theory action upon compactifying on the small sphere and performing 
the two dimensional duality transformation. Of course in this very 
setup one also has Kaluza-Klein modes along the two-sphere which 
have the same order of energy as the fluctuations in the potential 
(|34|) . One can separate the two scales by adding the two-observable 



(2) 

tOu whose support extends over all of the two dimensional space- 
time. This addition changes the superpotential by tu and introduces 
another scale into the problem. More details on this issue can be found 
in m. 

Remarks. The effect of the unfolding of the moduli space of twisted 
chiral multiplets is very general. In fact, one can use the similar 
method of unfolding in four dimensional theories |22, 23] with effec- 
tive superpotential of Veneziano-Yankielowicz type[42|. To the best 
of our knowledge the phenomenon of creating of disconnected com- 
ponents in the effective target space was not observed before neither 
in two- nor in four-dimensional models. This phenomenon makes the 
study of solitons connecting different vacua rather intricate. For the 
solitons are represented by the paths connecting the vacua sitting on 
different components of the target space. It means that the trajectory 
connecting the vacua should break at some point. The only way this 
breaking may be avoided is to assume that the metric on the effective 
target space is such that the components are actually glued together 
at infinity. 

If this is not the case then the actual location of the breaking point 
on each sheet might be undetermined by means of the low energy 
theory alone. This is similar to the fact that the mass of the magnetic 
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monopole cannot be computed from the Maxwell theory alone. We 
shall elaborate on this and related issues elsewhere []32| . 

Notice that if the model is embedded into the string/M-theory, e.g. 
via brane realization then one gets a geometrical representation of the 
solitons|2C]. Also note that the superpotential of the SW form (but 
without unfolded disconnected target space) was computed in |^5| in 
the geometrical engineering approach to the compactifications on the 
Calabi-Yau fourfolds. We plan to return to this question elsewhere. 



2.6 Comparison to the results of the XIX cen- 
tury 

Despite the success of the previous two subsections we should warn the 
reader that their results where merely the groundwork for the solution 
of the real problem - the effective theory description of the non-linear 
sigma model. To see that the renormalization(Q),(||) is non-trivial let 
us perform several numerical checks. 

To be specific let us take = 3, i.e. CP^ model. The genus zero 
correlation functions in the topologically twisted theory compute the 
numbers of rational planar curves which pass through a given number 
of points in and intersect a given number of lines in generic position. 
In particular: 

(Oi°^(0)Oi°^(l)Of^(cX)) J of J o(2)^non-lm ^ ^ (35) 

is the number of degree one curves (lines) which pass through two 
distinct points and intersect three lines in generic position. From the 
elementary school we know that this number is equal to one. On the 
other hand, it is easy to see that 

{Of{0)of{l)of{oo) J of J off"" = 2^ = 4 (36) 

This is the first in the series of numbers predicted by the gauged linear 
sigma model which differ from those computed by the last century 
algebraic geometers. 

Of course, the difference happens precisely when we start looking 
at the correlation functions of two-observables, as we promised in the 
beginning of the section. We also said that the difference is due to 
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the contribution of the freckle^. Let us now see exphcitly how this 
happens. 

The space A4i contains the subspace x of vortices, where P^ 
parameterizes the location x=k of the vortex and P^ is the set of images 
r in the target space of the complement to the vortex. The equations 
(p^ , (P) are obeyed both by the proper map of degree one and by the 
vortex configurations with = yi = 7/2 = Xp where Xp assumes one of 
the three available values: 0, 1, 00. The two remaining equations state 
that the image r must belong to two lines ip',p' 7^ p in P^, i.e. to their 
intersection point. Altogether we found three vortex configurations, 
each contributes one to the correlation function, hence: 

^lin -j^non— lin _|_ gvortex (37) 

The similar (but much more tricky) counting works for higher instan- 
ton charges. The effect of subtraction of the vortex contributions is 
to replace the effective superpotential ( |l6|) by the infinite series 

{Nip - 2TTn - Ti) e'^ + ^ a;(r)e*'^(^i~^) (38) 

The computation of the coefficients ai{T) is a complicated problem 
] yet related problems are studied in the enumerative geometry 



15 1 . If we were interested in the actual values of the correlators in 



the theory I we could use the techniques of |21]. Our goal is slightly 
different. 

Remark. Consider the trivial non-linear sigma model with the tar- 
get space CP*^ = a point. It becomes rather interesting once replaced 
by the linear gauged sigma model. The latter has the moduli space 

M^ = V'^ = Sym'^pi (39) 



3 Back to future: four dimensional in- 
stantons with freckles 

So far we have seen that adding some kind of point-like topological 
defects - "freckles" - may lead to the compactification of the moduli 

^We should mention that the similar effects were observed more then a hundred years 
before the discovery of supersy mmetry ||l9| 
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space of instantons in a theory I: A4 ^ A4. We have also seen that 
these point-like defects may be perfectly smooth field configurations in 
the theory II, but of some characteristic size p. The natural question 
is: can this work in four dimensions? 

In four dimensions we study gauge theories with instantons. The 
moduli space of instantons M is non-compact due to the well-known 
phenomenon of shrinking of instantons. Suppose that the euclidean 
space-time is a compact Kahler surface S, with Kahler form uj. It 
is well-known that the moduli space of instantons in a given gauge 
bundle E with the characteristic classes ci{E),C2{E) is isomorphic to 
the moduli space of w-semistable holomorphic bundles £ over S with 
the same Chern classes as E. We recall the notion of (semi) stability 
below. Algebraic geometers replace the holomorphic bundle £ by the 
sheaf £ of its holomorphic sections. More specifically, over each open 
set U one considers the abelian group T {£\ij) of the holomorphic sec- 
tions of £ over U. The elements s of this group can be multiplied by 
the holomorphic functions / on U, f (z Ou. This operation makes 
r {£\u) a module over the ring Ojj of holomorphic functions in U. For 
sufficiently small U one can find a basis Sj in the space of holomorphic 
sections of £\ir such that every section s G T {£\u) can be uniquely 
expanded as: 

r 

s = E/^s*, fi^Ou (40) 

i=l 

The sheaves with this property are called locally free - if the sheaf is 
locally free then it is a sheaf of sections of some holomorphic bundle. 
One can relax the condition ( |40| ) to the property of being torsion free: 

If / s = ^ either / = or s = (41) 

The sheaf which is torsion free in general does not come from a holo- 
morphic bundle. Nevertheless the beautiful property of the torsion free 
sheaves (in complex dimension two) is that every torsion free sheaf J- 
is almost a bundle, in fact over a complement to a finite number of 
points in S it is a bundle! One can always find (|3^, lemma 1.1.8) 
a holomorphic vector bundle £ such that £/J^ = Sz, in other words 
there is an exact sequence: 

O^J'^£^Sz^O (42) 
where Sz is a skyscraper sheaf supported at points, i.e. dimZ = 0, 

r(5z|c/) = c#^"^ 



20 



We see the first similarity between the torsion free sheaves and 
vortices in two dimensions: both differ from the honest instanton (the 
face of the freckled instanton) only at finite number of points (freckles). 
More quantitatively this similarity is supported by the fact that these 
points carry instanton charge: 

C2{T) = C2{£) - C2{Sz) = C2{£) + #Z (43) 

The importance of the torsion free sheaves in the studies of 5-duality 



was first advocated in |27|. One can show that the natural back- 
grounds for the higher dimensional 6c-systems studied in |28] are again 
the sheaves p2| rather then holomorphic bundles alone. 



In order for the torsion free sheaves to be useful we need a way to 
construct their moduli space and make sure that it is compact. It turns 
out that if one takes the space of a;- (semi) stable torsion free sheaves[] 
then the resulting space Mc, is compact (and even quasiprojective 
[p!7|]). Moreover, it can be described rather explicitly in the case of the 
manifolds S'wP^, P^xP^ using ADHM techniques. 

To make further contact with the two dimensional story we need: 
a) the supersymmetric gauge theory whose moduli space of BPS fields 
is h) an analogue of the computation (|l^. 

The answer to the point a) is not completely known. In the light 



of |36] the natural conjecture would be to take the theory on the "non- 
commutative space" S which is a quantization of S with the being 
the Poisson structure. 



The point b) is addressed using the monad description|^ 11, ^ 
of the moduli space of the torsion free sheaves (a useful review is 
p5|]). For example, for 5* = CP^ the w-semistable torsion free sheaves 
T arise as follows. Let Vo,Vi,V2 be the complex vector spaces of 
dimensions vo,i,2 respectively. Consider the complex of bundles over 
S: 

^^Vq® 0{-l) ^ Vi®0 ^ V2® 0{l) ^ (44) 

In down-to-earth terms this sequence has the following meaning. The 
maps a, h in the homogeneous coordinates {z^ : z^ : z'^) are the matrix- 
valued linear functions: a{z) = z^Cajb^z) = z'^ba- The words "com- 
plex" mean that 

b{z)-a{z) = z'^z^badp = 44> bada = 0, a = 0, 1, 2, badp+bpaa = 0, a P 

(45) 



''The sheaf is w-semistable if for any subsheaf J^' one has A (^^^r — ^kF^) — ^ 
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For the pair (6, a) of the maps between the sheaves obeying ( ^5| ) we 
can define a sheaf T over 5, whose space of sections over an open set 
U is 

V{T\v) = Ker6(z)/Ima(z), for (z° : : z^) g [/ 

The space of monads is the space Mmon of triples of matrices O/j G 
Hom(Vo!Vi), ha € Hom(l/i,V2) obeying (p5|). This space is acted on 
by the group G^n = (GL(yo) x GL(Fi) x QA^iy^)) /C^ 

(6,a) 5 • (&,a) = (g2^5'^^5la£/o for (50, 51, 52) G Gj^^on (46) 

The sheaves defined by the pairs a) and g ■ (6, a) are isomorphic. 
The maximal compact subgroup of G^q^ 

acts in Mmon preserving its natural symplectic structure 

^=]-.Y.TrbapNba\ + \:Y,TxbhiNbha (47) 

Fix the real numbers ro,ri,r2, such that X)a ^Q^a = 0, ro,r2 > 0. 
Write the moment maps: 

/U2 = -ril^,i + ^6J,6q - ^a^o^ (48) 

a /3 

Then the moduli space of the semistable sheaves is 

>fc. = (^r'(o) n '(0) n ^3 \o)) /G„,on (49) 

The compactness of the space ( ^9] ) is obvious: if we first perform a 
reduction with respect to the groups C/(Vo) x Uiy-i) then the resulting 
space is the product of two Grassmanians: Gr(t'o,3t'i) x Gr(?;2,3wi) 
which is already compact. The subsequent reduction does not spoil 
this. 
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The Chern classes of the sheaf J- determined by the pair (6, a) are: 
r = V1-VQ-V2, ci = (vo - ^2) C2 = ^ {{v2 - vof + V0 + U2) (50) 

Let {iilj^i(j),ix) denote the elements of the Lie algebra of Gmon, i-e. 
iijj G u(Vb),«^ e u(Vi),ix e u(V'2) and (V','/',x) ^ {'^ + '^voA_ + lv^,x + 
l^j)- We are interested in computing certain integrals over M-c^. This 
can be accomplished by computing an integral over Mmon with the 
insertion of the delta function in /Xj and dividing by the volume of 



Graon provided that the expression we integrate is Gmon-invariant:|45] 

diljd(l)dxe^^'^^^^'^"^^^^'^'^^^ (...) 



^ mon 



Met Vol(G 

(51) 

The useful fact is that the observables of the gauge theory we are 
interested in are the gauge-invariant functions on (-0, 0, x) only. More 
specifically, there is a universal sheaf U over A^c* x S, whose Chern 
character is represented by:^ 

Ch{U) = Tie'^ - Tre^-^ - Tre^^"^ (52) 

In particular (cf. (||)): 

<^ = ^(Trx' + TVV^'-Tr02^, 

[ LOA O^^l = TVx - TrV; 
JS 

Since the observables are expressed through -0, 0, x only we can inte- 
grate out a/3, 6a in ( [5l| ) to obtain: 

(exptiOW +tJ LOA 0(2))torsionfrcc ^ I d^jj^dx^d^Pk 

I\i'<i" ii^i' - i^v'f Y\j'<j" {4>j' - (t>j"f Y{k'<k" ixk' - Xk"f I\i,k ixk - i'if 

(0i + iQ? Y{j,k {Xk - <Pj + iOf 

^ 5 (E. xk'+E. <^?) +^1 (E. x.-E. '^-+^'^2 E, ^o+irs E. 

(53) 
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the universal sheaf is defined again as Ker&(z) /Ima(z) but now the space of parameters 



contains (6, a) in addition to z 
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More elaborated answer to the point b) together with the explanation 
of the relation of this work to the attempts of computing ADHM 
integrals in |12] will be presented elsewhere [32|. 

As a final remark notice that the freckled instantons are present 
even for the gauge group U{1), in which case the moduli space Aid 
is the resolution of singularities of the d-th symmetric power of the 

manifold S: 

Md = Sym'^S 

very much like in (pS|). 

In both cases the freckled instantons have only freckles, but no 
face. 
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